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A graph G is traceable if there is a path passing through all the vertices of G. It 
is proved that every infinite traceable graph either contains arbitrarily large ftnite 
chordless paths, or contains a subgraph isomorphic to graph A, illustrated in the 
text. A corollary is that every Jinitely generated infinite lattice of length 3 contains 
arbitrarily large jkite fences. It is also proved that every inJinite traceable graph 
containing no chordless four-point path contains a subgraph isomorphic to K,,,. 
The versions of these results for finite graphs are discussed. 
1. INTRODUCTION 
Every infinite graph contains an infinite subset in which either every two 
vertices are adjacent or no two vertices are adjacent-F. P. Ramsey, 1930 
[Il. 
Certainly, this is one of the most familiar and important theorems in 
graph theory (and is, of course, only a special case of Ramsey’s more 
general result). 
In this paper we use Ramsey’s Theorem in the general case to prove an 
analogue of the above result for traceable graphs. Let A be the graph with 
vertices {a,, bili= 1,2 ,... }, where the sets {a,, a, ,... } and {b,, b, ,... } are each 
totally disconnected, and where a, is adjacent to b, if and only if i < j (see 
Fig. 1). 
THEOREM 1. Every infinite traceable graph either contains arbitrarily 
large finite chordless paths, or contains a subgraph isomorphic to A. 
Theorem 1 is proved in Section 3. It was motivated, in the first place, by a 
question concerning finitely generated infinite lattices of finite length. A 
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FIG. 1. The graph A. 
special case of this question is answered affirmatively in Section 4; namely, 
we prove that every finitely generated infinite lattice of length 3 contains 
arbitrarily large Jinite fences. 
The conclusion of Theorem 1 is best possible. In fact, it requires rather 
severe restrictions on the graph before the conclusion can be improved. 
THEOREM 2. Every infinite traceable graph containing no chordless four- 
point path contains a subgraph isomorphic to the infinite complete bipartite 
graph K,,,. 
We prove this result in Section 5. Finally, in Section 6 we briefly discuss 
the finite analogue of Theorem 1. 
2. PRELIMINARIES 
We give a few definitions. A path in a (finite or infinite) graph G is a 
sequence {v i, v2 ,..., vn} or perhaps {vi, v2, vj ,... } of distinct vertices of G 
such that v, and v1 + i are adjacent for all i; a path is chordless if there are no 
other adjacencies among the vertices of the path. A path {v,, Us,..., vn} is 
called Jnite, or more specifically an n-path; a path {vi, u2, uj ,... } is called 
infinite. G is traceable if there is a path containing all the vertices of G. 
(Note that if there is a cycle in G containing all the vertices of G then G is 
Hamiltonian.) A graph H is a subgraph of G if the vertex set of H is a subset 
of the vertex set of G and the edge set of H is a subset of the edge set of G; 
note that H need not be an induced subgraph of G. 
For completeness, we state Ramsey’s Theorem, which will be needed for 
the proofs of both Theorems 1 and 2. Let n and k be positive integers. 
RAMSEY'S THEOREM. If the n-element subsets of an irlfinite set S are 
partitioned into k classes, there is an iltfInite subset of S all of whose n- 
element subsets belong to the same class. 
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3. THE PROOF OF THEOREM 1 
Since G is infinite and traceable, we may let G = (1, 2, 3,...] and assume 
that i and i + 1 are adjacent for each i. For all x < y in G there is certainly a 
path from x to y; hence we may choose a (perhaps shorter) chordless path 
ix = %(X,Y>, &,YL %(X&Y) ‘Yl 
from x to y, having N(x, y) vertices, say, such that u,(x,Y) < ai+ ,(x,Y) for all 
i. If sup(N(x,y): x < y E G} = co, we are done; so suppose sup (N(x, y): 
x<yEG}=N<co. 
For each i, j E { 1,2 ,..., N}, set 
K,j={{x,y,u,v)~x<y<u<uEG,N(x,y)>,i, 
N(u, V) >j, and a,(~, y) is adjacent to a& v)}, 
and set K = [G14 - U (Ki,il 1 < i, j < NJ. Thus we have distributed the four- 
element subsets of G into a finite number of classes, namely, the Ki,,is and 
K. By Ramsey’s Theorem, there is an infinite subset X of G such that either 
[Xl” E Ki,j for some i, j or [Xl4 E K. Let X = {xi, x2, xj ,... }, where 
X,<X,<X,<..‘. If [Xl4 G KiJ for some i, j, then it follows immediately 
that the graph with vertex set 
l”i(x4n+l,x4,+*)lnEw}U (aj(x4,+3,X4n+4)lnEw} 
and edges 
(U*(x4m+19x4m+*)9 uj(x4n+3~x4n+4)J~ m<nEw 
is a subgraph of G isomorphic to the graph A of Fig. 1). So suppose 
[Xl4 E K. In this case we let H be the subgraph of G spanned by the set 
Since no 4-tuple xk < xk+ , < x, < x,+ , from X is in any Ki,j, it is easy to see 
that each vertex of H will be adjacent to only finitely many vertices of H. 
Since H is traceable, it follows that H contains an infinite chordless path, 
and the theorem is established. 
Remark. We have proved a little more. Let G be an infinite traceable 
graph, and, as was done in the above proof, label the vertices of G by the 
positive integers so that (i, i + 1) is an edge for all i. Call a path (x,, x2,...} 
in G increusing if x, < x2 < ..* . Then either G contains a subgruph 
isomorphic to the graph A of Fig. 1 or G contains arbitrarily large finite 
increasing chordless paths. 
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4. A COROLLARY ABOUT LATTICES 
A lattice L has finite length if there is an integer n such that L contains a 
chain with n + 1 elements but no larger chain; n is called the length of L. In 
particular, a lattice of finite length always contains universal bounds 0 and 1. 
An infinite fence is an ordered set with elements 
and with comparabilities a, < bi, q, 1 < bi for all i (see Fig. 2). We stress 
that a fence contains no other (nontrivial) comparabilities, and so the 
comparability graph of a fence is just a path. Of course, a finite fence is a 
finite connected subset of an infinite fence. 
A weaker form of the following question led us to Theorem 1: 
Does every finitely generated lattice with arbitrarily large finite 
antichains contain arbitrarily large finite fences? 
This question is still open. We are only able to handle a special case. 
COROLLARY 3. Every finitely generated infinite lattice of length 3 
contains arbitrarily large finite fences. 
ProoJ Let L be a finitely generated infinite lattice of length 3 with a 
fixed finite set of generators. As usual, we may define a rank function r on 
the elements of L - (0, 1 }. We first let r(g) = 1 for all generators g, and 
assume by induction that ranks less than n have already been assigned. 
Then, whenever x E L is such that r(x) has not yet been defined, we put 
r(x) = n if either x = u V b or x = a A b for some elements a and b of ranks 
less than n. Notice that in this case at least one of a and b must have rank 
n - 1. Since L is infinite and finitely generated, the collection of elements of 
L having rank n is nonempty but finite, for every positive integer n. Also, 
every element of L - (0, 1 } has been assigned a rank. 
By Konig’s lemma there is a sequence 
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FIGURE 2 
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of elements of L - {0, 1 } such that (dualizing if necessary): 
(i) xi is an atom and yi a coatom for all i; 
(ii) Y(x~) = 2i - 1, r(yi) = 2i for all i; 
(iii) for all i, 3 a, such that yi = xi V a, and r(a,) < r(y,); 
(iv) for all i, 3 bi such that xi+ I =yi A bi and r(bi) < r(xi+ ,). 
The joins and meets must alternate because L has length 3. We see that 
the subset S = {xi, yili = 1, 2,...} of L has all the comparabilities of an 
infinite fence. The trouble is it may have more. 
But since L is a lattice of length 3, we are assured that there will not exist 
distinct elements xi, xi, yk, y, E S such that xi and xj are both less than y, 
and y, (see Fig. 3). 
Let G be the comparability graph of S. Then we have seen that G is 
infinite and traceable, and does not contain a subgraph isomorphic to K,,,. 
Then certainly G does not contain a subgraph isomorphic to the graph of 
Fig. 1, so by Theorem 1 G contains arbitrarily large finite chordless paths. 
These paths become fences in L. I 
We now present an example of a finitely generated infinite lattice L of 
length 3 that does not contain an infinite fence. L consists of the set 
(0, 1, a, b, c, d} U {e,li= 1, 2 ,... } U {fili= 1, 2 ,...) 
with the ordering induced by: 
(i) e, <A and e,+, <fi for all i (that is, 
{e,(i= 1,2 ,... }U {Ali= 1,2 ,... } 
has at least the comparabilities of a fence); 
(ii) e,, <f2nc2k+ 1j for all n > 0, k > 1; 
(iii) a <fin for all n > 1; 
(iv) b > e,, for all n > 1; 
(v) c > ezn+r for all n 2 1; 
(vi) d > e,, for all n > 1, n not a power of 2; 
(vii) 0 and 1 are the usual universal bounds. 
‘k Yl 
!xl 
Xi XJ 
FIGURE 3 
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L is a bounded ordered set of length 3. Hence, to see that L is a lattice we 
need only verify the existence of x V y for every pair x, y of minimals of 
L - {0, 1 }. To do this we need only exhibit the upper covers of each minimal 
and observe that for distinct minimals x, ~7 their sets of upper covers, which 
we denote x* and y *, intersect in at most one element. The reader can check 
that 
a* = {f2”lrl = 1, 2,...}, 
6 = {fin-lln = 1,2,.-l, 
and that these sets have the required intersection property. Thus L is a 
lattice. 
Next, L is finitely generated, in fact by the six elements 
{a, b, c, d, e, ,fl }. 
To see this consider the sequence 
a, b,c,d,e f e f e f 19 19 23 2, 3, 33”’ 
of all elements of L - (0, I} and observe that this sequence satisfies the 
following condition: each fi, i > 1, is preceded in the sequence by two 
distinct elements, each a lower cover of 4 in L; similarly, each ei, i > 1, is 
preceded in the sequence by two distinct elements, each an upper cover of ej 
in L. To verify this, use the upper cover lists above, noting that they imply 
fzn=a V e,., n> 1, 
f 2”(2k+ 1) = e2n ” e2n(2k+ I)9 n> l,k> 1. 
Then the first six elements of the above sequence will generate, by alternating 
meets and joins, all the other elements of the sequence, as claimed. 
Now suppose that L contains an infinite fence F. We may assume that F 
does not contain a, 6, c, or d. Also, observe that the set 
L, = L - (0, 1, a, 6, c, d, e,, e2, e4 ,..., e2” ,...) 
consists of infinitely many connected components, each a finite fence; {fi}, 
{f,, e3, f,), { f,, e5, f,, e6, f,, e,, f,}, and so on. Therefore, F must contain 
infinitely many of the elements e2”. 
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There is a natural enumeration of the elements of an infinite fence (in the 
fence of Fig. 2 it would be a,, b,, a2, b,, a3, b, ,... ). In what follows, when 
we speak of an element of a fence coming “between” two other elements of 
the fence, we shall mean with respect to this natural enumeration. 
We may choose elements e,!, e2,,,, and ezn E F such that (i) I < m, I < n, 
and m # n, and (ii) there is no e,, between ezm and e,.. Let F’ denote the 
finite subfence of F connecting ezm and ezn (we exclude ezm and e,, from F’). 
From (ii), F’ must be contained in L, and so must be in one of its connected 
components (see above). Furthermore, the endpoints of F’ must be upper 
covers of e2,,, and e,.; that is, either&., orf2m(lk+ i) for some k > 0 will be 
one endpoint, and either fzn- I or fznczk+ i) for some k > 0 will be the other. 
Since fi,,-, and fznwl are in different components of L, for m # n, we may 
assume, without loss of generality, that fzrnfzk+ ,), for some k 2 0, is the 
endpoint of F’ adjacent to e,,. 
First suppose that fzncU+ ,), for some j ) 0, is the other endpoint of F’. 
Then, without loss of generality, 
2m(2k + 1) < 2”(2j + 1) 
and F’ must be precisely 
If 2m(Zk+l)9 e2m(2kt I)+ 19 Zm(Zk+l)+ 1YV e2n(2j+ 1)~ 2”(2~+ 1) f f 1. 
Since 
2’ . 2”-‘(2k + 1) < 2’ . 2”-‘(2j + 1) 
and 1 < m, n, we have 
2”-‘(2k + 1) < 2”-‘(2k + 1) + 1 < 2”-‘(2j + 1) 
and so 
2m(2k + 1) < 2’(2”-‘(2k + 1) + 1) < 2”(2j + 1). 
Thereforef2,0m-lokt I)+ 1) EF’cF.Bute,,EFand 
e21 <f21(2m-42kt l)+ 1) 
holds in L, contradicting the assumption that F is a fence. 
Thus f2n-l must be the endpoint of F’ adjacent to e,,. But f2”-, is also the 
right-hand endpoint of its component in L,; hence 2m(2k + 1) < 2” - 1, and 
F’ is 
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With an argument similar to the above, we can choose an odd number p 
such that 
But this means that fP.2, E F’ c F. Since e2, E F and e,, < fP.2, in L, this 
again contradicts the assumption that F is a fence. We conclude that L 
contains no infinite fence. 
L - (0, 1, a, b, c, d), or rather its comparability graph, is an example of an 
infinite traceable (bipartite) graph containing no K,,, and no infinite 
chordless path. On the other hand, the graph A of Fig. 1 contains no 
chordless 5-path, and yet does not contain, say, K,,, as a subgraph. These 
examples show that Theorem 1 is best possible. There remains a further 
nontrivial variation of Theorem 1, and its proof is next. 
5. THE PROOF OF THEOREM 2 
Let G be an infinite traceable graph with no chordless 4-path. We may 
assume that G contains an infinite independent set Z, because otherwise, by 
Ramsey’s Theorem, G would contain K, and we would be done. Let the 
elements of Z be denoted (1,2, 3,...}. We may further assume that the path 
containing all the vertices of G passes through the elements 1,2,3,... in that 
order. Thus, since G has no chordless 4-path, for each pair i <j E Z there is 
a vertex aij E G adjacent to both i and j; moreover, aij can be chosen 
“between” i and j in the path through the vertices of G. 
Now we consider all four-element subsets {i,j, k, I} of Z such that 
i < j < k < 1 and aij is adjacent to akl. This set and its complement partition 
the set of all four-element subsets of Z into two classes. By Ramsey’s 
Theorem there is an infinite subset J of Z, all of whose four-element subsets 
belong to the same class. In fact, we may assume that J = I. If aij is adjacent 
to ak, for all i <j < k < I in Z, then 
{a 12, q4,~,...) EK, 
and so we are finished. Therefore we assume rather that for all i <j < k < 1 
in Z, aij is not adjacent to ak,. 
Next, applying Ramsey’s Theorem to the set of all triples of elements of Z, 
we may similarly assume that either 
(i) for all i <j < k in Z, aij is adjacent to ajk, 
or 
(ii) for all i <j < k in Z, aij is not adjacent to aj,. 
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If the former holds then we obtain the chordless path 
{a12, a 23y a34T a44 
contradicting the assumptions on G. Thus (ii) holds. 
For any i <j < k in I, we must have i adjacent to ajk, for otherwise 
(6 aij,j, ajk] 
would be a chordless path, which is a contradiction. Similarly, for any 
i <j < k in Z we must have aij adjacent to k. But now 
{LL 3,...} U {a,2,a23,a34,...l E&,,,, 
as claimed. 
Remark. Once again, something more is true. Theorem 2 can be 
rephrased so that G need only contain no increasing chordless 4-path. 
6. THE FINITE ANALOGUE 
The following theorem can also be obtained by imitating the proof of 
Theorem 1, using the finite form of Ramsey’s Theorem. 
THEOREM 4. For any positive integers r, s, n there is a (least) positive 
integer T(r, s, n) such that every traceable graph with more than T(r, s, n) 
vertices either contains K,,, as a subgraph or has a chordless n-path. 
ProoJ: Suppose to the contrary that for each m E UJ there is a traceable 
graph G, with m vertices containing no K,., and no chordless n-path. As 
usual we let G, have vertices { 1,2,..., m } and edges {i, i + 1) for each i. Let 
P be a nonprincipal ultrafilter on w. Define a graph G with vertices the 
natural numbers by making (x, y} an edge of G exactly when 
{m: {x,y} is an edge of G,} E %. 
Then G is an infinite traceable graph with no K,,, and no chordless n-path, 
contradicting Theorem 1. 1 
An upper bound for T(r, s, n) can be obtained from the proof of 
Theorem 1, but it is probably far out of line. In light of Section 4, we are 
particularly interested in T(2, 2, n). Here are a few exact values to give some 
idea of the magnitude of T(2,2, n): 
T(2, 2, n) = 2n - 3,2 < n < 5. 
582b/33/1-2 
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FIGURE 4 FIGURE 5 
T(2,2,6) = 10. The unique traceable graph on 10 vertices containing no 
K,,, and no chordless 6-path is the Petersen graph (Fig. 4). 
T(2,2,7) = 14. There are three 14-point traceable graphs containing no 
K,,, and no chordless 7-path. One is illustrated in Fig. 5. 
Actually, we should be even more interested in the least positive integer 
T/(2,2, n) such that every traceable bipartite graph with more than 
T’(2, 2, n) vertices either contains K,,, as a subgraph or else has a chordless 
n-path. For example, T/(2,2, n) = n - 1 for n < 6, T/(2,2,6) = 6, 
T’(2,2,7) = 8. What is the behaviour of T’(2,2, n)? 
Finally, Theorem 4 and the proof of Corollary 3 can be used to show that 
for all positive integers m and n there is a least positive integer L(m, n) such 
that every m-generated lattice of length 3 with more than L(m, n) elements 
contains an n-element fence. 
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